Perfect optical vortices (POVs) provide an enabling solution to address the predicament induced by the strong dependence of classical optical vortices on theirs carried topological charges. Here, a type of generalized POVs with controllable impulse ring profile was proposed and demonstrated. Especially, a type of "absolute" dark POVs surrounded by two bright ringlobes in each side was presented, which provides a perfect annular potential well along those dark impulse rings for trapping steadily low-index particles, cells, or quantum gas, etc. In further, several POVs with different impulse ring profiles, including conventional POVs with bright rings, dark POVs mentioned above, and also POVs with controllable impulse ring profile, were demonstrated. This work opens up new possibilities to reshape arbitrarily the impulse ring profile for perfect vortices, and this type of novel POVs will enrich functions of optical vortices and it should be of high interest for its potential applications in optical manipulation, both quantum and classical optical communications, enhanced optical imaging, and also novel structured pumping lasers, etc..
its exciting applications in a great variety of realms, such as STED nanoscopy [3, 4] , optical manipulation [5] [6] [7] , both quantum and classical OAM-multiplexing optical communications [8] [9] [10] , optical vortex coronagraph [11] , enhanced optical imaging [12, 13] , OAM-based radars [14] , and recent high-intense vortex physics [15] [16] [17] , etc. Nowadays, the vortex is not limited to optical wave, and it has been extended into other spectrum range, such as X-ray [18] , gammaray [19] , and THz ray [20, 21] , and also other waves including twisted electric beam waves [22, 23] . However, the size of the doughnut-shaped patterns generated by conventional vortices is strongly dependent on the carried topological charge, which hampers theirs applications in many practical fields. In 2013, Ostrvsky and coworkers [24] introduced the concept of perfect optical vortices (POVs), which is shaped into an impulse vortex ring with its radius being quasiindependent of the topological charge. In an ideal situation, the complex amplitude of a POV could be expressed by (r-r0)exp(il ), where (.) denotes the Dirac delta function, (r, ) are the radial and azimuthal coordinates, and r0 is the radius of the impulse ring. Since its radial intensity profile and bright ring diameter are independent of its topological charge, this type of optical vortices offers a possibility to couple multiple OAM beams into a certain fiber with fixed annular index profile [25] , and thus POVs are intriguing for their brilliant prospects in the applications for OAM multiplexing optical fiber communications. Also, this "perfect" vortex beam is of significant interest in dynamical trapping micro-particles, atoms, and quantum gases along those bright rings [26, 27] . It has demonstrated that these perfect vortices provided a possibility to transfer OAM to trapped particles along the bright impulse ring. More importantly, the steady radial intensity profile and the independent ring diameter enable one to control the rotating velocity of the trapped particles along the same orbit just by changing the topological charge. Recently, POVs are also explored for other different applications. Reddy et al. [28] demonstrated a type of non-diffracting speckles generated by scattering a POV beam through a rough surface. Zhang et al. [29] proposed a plasmatic structured illumination microscopy imaging technique with the use of POVs for enhancing the excitation efficiency of surface plasmon and reducing the background noise of the excited fluorescence. Also, POVs were employed for exploration of various nonlinear phenomena, such as harmonic generation [30] , parametric down-conversion [31] , and perfect quantum optical vortex state [32] , etc. In further, a type of vectorial perfect vortices was proposed and demonstrated, which provides more degrees of freedom in beam manipulation [33] [34] [35] . Latterly, the concept of POVs was generalized to a type of elliptic perfect optical vortices, where those symmetrical circular rings were transformed into asymmetric elliptic rings [36, 37] . However, the impulse rings of those POVs mentioned above are all bright rings, and these bright rings could also hindered their applications in some scenarios. One of important cases, for instance, is that the particles/cells will be difficultly trapped steadily along those bright rings generated by conventional POVs when their refractive index is lower than the surrounding medium. Recently, Liang et al. [38] proposed an interesting scheme for trapping the lowrefractive-index particles with POVs, where the size of the trapped particle is comparable to the radius of the impulse rings generated by those POVs. Moreover, a point trap was needed to improve the stability of the ring trap, and that composited trap essentially can be seen as a dark ring constructed by the central point spot and the surrounding annular ring. Most recently, the same group [39] presented an attractive scheme for generation of a dark POV, coined doublering POVs by them, through the use of the Fourier transform of azimuthal polarized Bessel beams, which can be seen essentially as the incoherent superposition of two opposite circular polarized POVs. However, the dark ring of those POVs degenerates with increase of the topological charge. Actually, in our previous paper [40] , we have demonstrated that circular Dammann gratings (CDGs), which was first proposed by Zhou et al in 2003 [41] , could provide an effective method for generation of controllable impulse rings, and predicted that this method could be used for generation of perfect vortices with controllable impulse ring profile, especially those dark POVs.
In this work, we propose a type of generalized prefect vortex beams with controllable impulse ring profiles generated by a CDG embedded with a spiral phase, whose radial intensity profile and the diameter of the impulse ring are independent of the topological charge. Especially, one could obtain a type of "absolute" dark perfect vortex rings surrounded by two bright impulse rings in each side, by controlling the structure of the circular gratings. This work opens up new possibilities to reshape the impulse ring profile for perfect vortices, and this type of novel prefect vortices will enrich the functionalities of vortex beams and it should be of high interest for its potential applications in a range of realms, such as optical manipulations, quantum and classical optical communications, enhanced optical imaging, and also novel structured pumping lasers, etc..
Principle and Methods

Design Principle
It is well demonstrated that the transmission function of a circular grating could be decomposed into a series of circular sine or cosine functions with different radial frequencies, and it can be written as the sum of a Fourier series (or called Hankel series) [42] ,
where (r, ) is the polar coordinate on the plane of the circular grating, and is the radial period.
After a spiral phase is embedded, the transmission function can be rewritten as, 
Noted that the two terms in the square bracket, essentially, denote an axicon pair: a negative axicon and another positive one. The coefficient am can be rewritten as
where c m= 0 T(r)exp( i2 mr/ )dr, with m = |arg{cm} arg{c-m}| being the phase delay between these two coefficients and |c m| being their amplitudes. For binary (0, ) pure-phase gratings, |c+m|=|c-m|, and the mth order can be written further as,
where the coefficients can be expressed as 
with {rn} being the normalized transitional points in one period along the radial direction of the binary (0, ) pure-phase circular grating, which is also called circular Dammann grating, and N being the total number of the transitional points in one period. Then, the Fraunhofer diffraction field of the mth non-zeroth order can be written as, 
According to the above equation, one can control arbitrarily the sidelobe ratio by changing the phase delay m, which is determined by the grating structure. Thus, one can control the intensity profile of the impulse rings just by changing the grating structure. For example, when the sidelobe ratio is equal to one, an "absolute" dark impulse ring surrounded by two bright rings in each side could be expected duo to destructive interference. Then, the whole designing flow for generation of POVs with arbitrary impulse ring profiles can be divided into six steps as follows. Firstly, determining the period number inside the aperture and choosing the topological charge. Then, determining the sidelobe ratio of the intensity profile along the radial direction according to the application purposes. Thirdly, calculating the phase delay m according to Eq. (10). Fourthly, searching the transitional points in each period of circular Dammann gratings by minimizing the difference of the target phase m = arctan(Wm)/2 and the phase delay between the axicon pair at mth order. Fifthly, using the transitional points as the initial solution, optimizing the transitional points by minimizing the difference of the target sidelobe ratio and maximizing the feature size for certain period number. Finally, after transitional points being determined, one can obtain the grating structure by arranging the coaxial rings periodically along the radial direction with the designed period number.
It should be noted that, the integrals in Eqs. (9a) and (9b) will approach to the lth order Hankel transform of circular cosine and sine functions depicted in Eqs. (s6a) and (s6b) (see Supporting Information Note S1), when the aperture size R is large enough. However, in practice, it is impossible to obtain an aperture with infinite large size, and the limited aperture determines that the period number inside the aperture is also limited. When the period number is not large enough, the phase delay is sensitive to the period number and thus we need to reoptimize the grating structure when the period number is different.
Experimental Scheme
In order to verify the designed gratings embedded with vortices for generation of generalized POVs, we design a proof-of-principle experiment setup for investigation of those generalized POVs shown as Fig 1. An expanded and collimated laser beam operating at 532 nm (Coherent Verdi 6) is used as the light source. The laser beam is passing through a polarizer and then it is divided into two parts by a polarized beam splitter cube PBS1. The transmitted part is horizontal polarized (p-polarization) and it is directed by a nonpolarized beam splitter cube BS1 onto the liquid crystal display (LCD) of a programmable spatial light modulator (SLM, HoloEye, Pluto NIR-011, pixel size 8 m, and 1080×1920 pixels), where the phase of circular Dammann gratings embedded with a spiral phase encoding into a blazed grating is loaded. The purpose of the blazed grating is for removing the unmodulated zeroth order diffracted from the SLM. Next, the modulated beam is reflected back from the LCD and then it is relayed by a confocal lens pair L3 and L4 with a tunable iris for singling out the first diffraction order, carrying the phase of gratings embedded with spiral phase. The filtered field is then focused by a convergent lens L5 with focal length of 600 mm, and a COMS camera (Edmund Optics, EO2323M, pixel size 4.8 m, and 1200×1900 pixels) is located in the back focal plane of the lens L5 for detecting the field. Another part is vertical polarized (s-polarization) and it is reflected by a reflective mirror M. Then, this reference part is finally combined with the first part by another polarized beam splitter cube PBS2 and the interference field pass a /4 waveplate and a polarizer P2, and then it is detected by the COMS camera. Care must be taken to carefully adjust the distance between the L1 and L2 to make sure the expanded beam is free of spherical aberration. A homemade shearing interferometer is used here for examining the transmitted wavefront. Besides the interference fields, the focused field of the generated POVs on the focal plane is also captured by the COMS camera when the reference beam is blocked.
Results and Discussion
Dark perfect optical vortices
As pointed out above, one can control arbitrarily the impulse ring profile by changing the phase delay between those two impulse rings (through changing the grating structure). One important case is that a dark ring surrounded by two bright ringlobes in each size could be realized when destructive interference is achieved for those inwards-and outwards-oriented impulse rings. respectively. The phase distribution in the last half-period is inversed and thus those transitional points can be derived by { rn + 0.5} [43] . Figure 3 illustrates the experimental results of those four POVs with dark rings, compared with their simulation results. It is seen clearly that dark perfect optical vortices are well generated as expected. Moreover, one can also see from those intensity profiles along those dotted line crossing the center that the valley of those dark rings are always kept low enough for all cases, which suggest that the sharpness of those dark POVs are almost independent of the topological charge. In further, the interference fringes of those POVs with the plane wave are also shown. It is seen that those interferograms are distinguished by those petal-like patterns and the whole interferograms possess the l-fold rotational symmetry.
Further, the amplitude of the topological charge can be figured out as l if the number of those petals is 2l. It is indicated that the amplitude of topological charges carried by those dark POVs are 1, 5, 15, 20, which is in a good agreement with theoretical expectations. Noted that the interference fringes on the focal plane are l-fold rotational symmetric and one could not easily identify the sign of the topological charge from these interferograms on the focal plane. Also, it is noticed that the symmetry of the experimental interferograms is not perfect, which is mainly caused by residual aberrations and also alignment errors. However, the sign can be identified by checking the rotating direction of interference fringes on defocused planes. The petal-like patterns will become a series of helixes on the defocused plane, and the sign of the topological charge can be identified by the rotating direction of those helixes. Figure 4 shows the simulational and experimental results of the intensity distribution and interference fringes on a defocused plane for two dark POVs with topological charge of l = 10 (a) and l = -5 (b). It is shown clearly that the helix-like fringes are obtained as prediction, and the sign of the topological charge can be identified by the chirality of helixes. For those interferograms on the defocused plane before the focus, the anticlockwise helices indicate a positive charge while the clockwise helices suggest a negative one, and the rotational direction of those helices are inversed for those interferograms on the defocused planes after the focus.
In order to verify the generated vortices further, the phase of the generated dark POVs with topological charge of l=10 and l=-5 on the defocused planes (defocus distance is about d=25 mm) are extracted by six-step phase-shifted interferograms. By rotating the axis of the polarizer P2 at six different angles with a step of /6 rad, one can extract the phase on the defocused plane using those six phase-shifted interferograms. From this figure, it is seen clearly that the amplitude of the topological charge of the spiral phase are |l| = 10 and |l| = 5 are for those two dark-ring POVs, respectively. Furthermore, one can also see that the anticlockwise phase gradient direction indicates a positive topological charge (l = 10), while the clockwise one suggests a negative topological charge (l = -5). It should be noted that the radius of the annular spiral phase is larger on the defocused plane after the focus, which is mainly caused by residual spherical aberrations.
Therefore, the type of dark perfect optical vortices surrounded by two bright ringlobes in each side proposed here is an "absolute" dark ring due to destructive interference, which provides an annular potential well along those dark impulse rings. This annular potential well could be used for trapping steadily low-index particles, cell, or quantum gas, etc., and the orbital angular momentum carried by those dark POVs to trapped targets. Different from proposed by Liang et al [38] , this scheme proposed here is essentially the coherent superposition of two impulse rings, one inside-oriented and another outside-oriented ones. Thus, one can control the impulse ring profile by changing the phase delay between those two impulse rings. As demonstrated by Liang et al, there is residual non-zero intensity in the dark ring generated by using their scheme.
Moreover, the residual non-zero valley is higher for larger topological charge, which indicates that the sharpness of the potential well will degenerate for those POVs with large topological charge. The dark POVs proposed here could totally overcome this drawback.
Bright perfect optical vortices
Besides the dark POVs, one can also obtain the bright POVs by chosing the phase delay resulting in constructive interference. In this case, the sidelobe ratio reaches its minimun value by optimizing the structures of CDGs. Figure 5 It should be noted that the sidelobe ratio increases with the topological charge, which will discuss further in the following.
Perfect optical vortices with arbitrary impulse ring profile
It has been shown that, one can control the impulse ring profile arbitrarily by changing the weight coefficient, since the Fourier spectrum of each diffraction order is essentially a weight sum of two impulse rings. In this part, we will demonstrate that the impulse ring profile can be arbitratily adjusted by changing the grating structure of CDGs. As examples, we design a POV with topological charge of l=10 with six different impulse ring profile, with a whole cycle transition gradually from a dark ring to a bright ring. Figure 6 shows the curve of the sidelobe ratio versus the phase delay under the condition of charge l=10 and period number inside aperture of N=30. From this figure, one can see clearly how the sidelobe ratio is influenced when the phase delay m is gradually varied in the range of [0, 2 ]. It can be seen that, when m=0, the sidelobe ratio is 0.41 and a single bright impulse ring accompanied by a ringlobe outside is generated. When m continues to increase, the sidelobe ratio starts to decrease and then it reaches its minimun value of 0.28 at m=0.2122 . In this case, the Hankel spectrum is the result of constructive interference of those inwards-and outwards-oriented impulse rings and thus a bright ring is obtained at the mth order. Actually, this case is the best solution of POVs for side-lobe suppression. Then, when m increases further, the sidelobe ratio starts to increase gradually to its maximum value at the point of m=1.3499 . This time, the spectrum is the result of destructive interference of those inwards-and outwards-oriented impulse rings and thus a dark ring surrounded by two bright ringlobes is generated. When m continues to increase until it reaches 2 , the sidelobe ratio decrease again and at last it reaches its initial value again. Till now, a full cycle of the evaluation of the impulse ring of the spectrum of the mth order circular cosine function is discussed when the phase delay is m is gradually varied.
Here, as examples, six different POVs (with topological charge of l=10) with different impluse ring profiles are also shown in Fig. 6 . It is shown that an impulse ring with 1/3 lobering outside, 
Characterization of Perfect optical vortices
Up to now, we have demonstrated that a generalized perfect optical vortex with controllable impulse ring profile could be well generated as expectation. Here, we will discuss in this section how the performance parameters of the POVs generated by CDGs embedded with spiral phase are influenced by the topological charge and period number, which include the ring size, ring width and also sidelobe ratio. Figure 7 shows the experimental and also simulation results of the influence. It can be seen from Fig. 7a that the ring size increases with the topological charge both for bright and dark POVs and the increment is much smaller than its ring radius. So, similar to those all "perfect" optical vortices reported in the past [24, 25, 44, 45] , the POVs proposed here are also only quasi-perfect in the strict sense. The influence of topological charge on the ring width is shown in Fig. 7b , from which one can see that the ring width decreases slightly with the topological charge for bright POVs, while those ring width for dark POVs are nearly invariable. Further, the ring width of the dark POVs is smaller than that of bright POVs. Figure   7c shows the sidelobe ratios versus the topological charge. It is seen that the sidelobe ratios are all nearly unity for those dark POVs, which indicates the dark POVs are in high quality.
However, those sidelobe ratios increase with the charge for those bright POVs. Figure 7d-f show the ring radii, ring width, and sidelobe ratio versus the period number inside the focusing aperture. It is shown that the ring radius is linearly increased with the period number both for bright and dark POVs. One can also see from Fig. 7e that the ring width are nearly constant with the increase of the period number. It shown be noted that the sidelobe ratio for those bright POVs decrease with the period number, while that of dark POVs are nearly invariable. It suggests that one can effectively reduce the sidelobe by increasing the period number inside the focusing lens. Recently, micro-/nano-cavity lasers, expecally micro-/nano-ring lasers, are attracting considerable interest for theirs high quantum yields, tuanble emission wavelength, and easy integration [46] . The impulse ring proposed here could be an optimal option for pumping those micro-/nano-ring lasers. 
Conclusion and outlook
Note S1: Theory of the Hankel transforming for circular gratings
It is known that the transmission function of a circular grating with radial periodic property can be decomposed into a series of circular cosine or sine functions with different frequencies [1] .
And, the 2D Fourier transform (or called the zeroth Hankel transform) of the circular cosine/sine functions can be written as It has been shown that these two piecewise functions essentially represent a pair of impulse rings, of which, one impulse rings with a trailing wake inward and the other one with a trailing wake outward [1] . Therefore, Fourier spectrum of the circular cosine function embedded with a spiral phase depicted in Eq. (s1-4) is can be seen as a weight sum of two impulse rings with coefficients of u=cos( /2), and v= sin( /2), which are only determined by the phase delay . It is suggest that an impulse ring vortex, i.e. a perfect optical vortex, could be generated and one can adjust the weights of those two impulse rings by changing the phase delay, and finally control arbitrarily the intensity profile of the impulse ring of the perfect vortex. It should be noted that the impulse ring would become a dark ring surrounded by two bright impulse rings in each side due to destructive interference of those inwards-and outwards-oriented impulse rings when those two coefficients have equal amplitude but opposite sign, i.e. um =-vm.
Note S2: Phase retrieval from six-step phase-shifted interferograms
In the experiment, the p-component is transmitted from the polarized beam splitter PBS1 and it is modulated by the SLM. Then, the modulated beam is combined with the s-polarized part by another polarized beam splitter PBS2. The two parts with cross polarization are converted into a pair of circular polarized beams with inversed chirality after passing through the quarter waveplate. Then, the interferogram after passing through the polarizer P2 can be written as, where Ax and Ay are the amplitudes of the two crossed polarized parts, and (x,y) is the phase difference between them. is the oriental angle of the polarizer P2. By rotating the oriental angle of the polarizer P2 with a step of = /6 rad, we can obtain six phase-shifted interferograms. Then, the phase (x,y) can be retrieved by [3] , arctan( / ) , 0 0 ( , ) arctan( / ), 0 0 arctan( / ) / 2, 0 y x x a n dy x y y x x a n dy y xx and it can be seen as a plane wave. Figure S1 shows an example of these six interferograms and its retrieved phase for a dark POV. Figure S1 . Illustration of six phase-shifted interferograms and the corresponding phase distribution at the defocused plane before the focus with phase step of /3 between any two adjacent images. (a)-(e) are interferograms with phase delay from 0 to 2 /3, which is introduced by rotating the quarter waveplate with a step of /6 rad. (f) is the retrieved phase from those six interferograms.
